ABSTRACT. Given a smooth curve on a smooth surface, the Hilbert scheme of the surface is stratified according to the length of the intersection with the curve. The strata are highly singular. We show that this stratification admits a natural log-resolution, namely the stratified blowup. As a consequence, the induced Poisson structure on the Hilbert scheme of a Poisson surface has unobstructed deformations.
One of the important and well-studied geometric objects associated to a smooth surface X is the Hilbert scheme X [ℓ] , parametrizing subschemes of length ℓ on X. This is a smooth 2ℓ-dimensional variety, which inherits various aspects of the geometry of X, e.g. a symplectic structure [1] . See [3] , [6] for information and references on Hilbert schemes. Now suppose one is interested not in the 'plain' surface X but rather in a pair (X, Y), where Y is a smooth curve on X. To this one can quite analogously associate a stratification, called an incidence stratification
where the closed stratum I j Y denotes the locus of schemes intersecting Y in length at least j. Though natural enough, this stratification unfortunately seems to have somewhat complicated singularities except for the bottom stratum I ℓ Y : e.g. for ℓ = 2, I 1 Y has Whitney-umbrella type singularities along I 2 Y . Things get still more complicated in a neighborhood of worse-behaved, e.g. non-curvilinear schemes. Thus, one is led to try to resolve the singularities of this stratification in a nice and natural way.
Given that I ℓ = Y (ℓ) is smooth, the simplest potential way to resolve the singularities of the incidence stratification is by 'stratified blowup': i.e. blow up I Here we begin in §1 by proving an analogous stratification result for loci of collections of univariate polynomials stratified by the number of their common zeros. Then in §2 we will prove the main result in a neighborhood of a monomial ideal. Finally in §3 we will prove the general case by specializing a general ideal to a monomial one.
UNIVARIATE POLYNOMIALS WITH MANY COMMON ZEROS
Our main theorem depends on a completely elementary result about a stratification in certain spaces of polynomials in 1 variable, which corresponds to the number of common zeros of polynomials.
Fix natural numbers m 1 , ..., m n and set m = m 1 +...m n . Consider the space
This is clearly an affine space of dimension 2m; in fact, it can be identified with a linear space with origin 0 = (
Thus h is monic of degree m and each p i is of degree at most m − 1. For each k = m, m − 1, ..., 1, consider the locus I k ⊂ A consisting of all (h., f.) such that the ideal generated by h, p 1 , ..., p n has colength at least k. Thus we have a chain of closed subschemes, i.e. a stratification 
Writing
the latter is clearly a set of m 1 i equations with independent differentials. Also set f
Thus we get in all a total of m − 1 = is defined by the vanishing of (the coefficients of) f
many equations with independent differentials), plus the vanishing of f
Then we can continue in the same way.
NEAR A MONOMIAL IDEAL
In this section we will prove a special case of our main theorem in a neighborhood of a monomial ideal cosupported at a point.
Let (s.) = (s 1 , ..., s n ), (t.) = (t 1 , ..., t n ) be sequences of nonnegative integers. To these we associate the planar ideal We will assume this is cosupported at the origin, i.e. that ( t i )( s i ) > 0. In this case the ideal is of finite colength equal to
As 'usual', a can be usefully represented as a determinantal ideal, namely as the ideal of n × n minors of the n × (n + 1) matrix M = (m i, j ) where
0, otherwise.
Thus G i = det(M i ) where M i is the submatrix of M obtained by deleting the (m + 1 − i)-th column. Accordingly, a admits the short resolution
Let H denote the Hilbert scheme of colength -L ideals in k [x, y] , an open subset of the Hilbert scheme of P 2 . By Fogarty's theorem (see [2] or [3] or [6] , Theorem 4.6.9, p.248), H is smooth at the point corresponding to a, and has tangent space Hom(a, k[x, y]/a) so the latter vector space has dimension 2L. Indeed this theorem follows easily from the fact that
, and that
is locally constant on H, being an Euler characteristic. As is well known, local deformations of a are obtained by deforming the matrix M, i.e. replacing M byM = M + N, where N can be taken with coefficients in (A/a) ⊗ n, where C ⊕ n is a local C-algebra. In the case of infinitesimal deformations, C ⊕ n is artinian, i.e. n is finite-dimensional. Let t = t 1 + ... + t n and note that a.k[x] = a/a ∩ (y) is an ideal of colength t. For k = 1, ..., t let I k a denote the subscheme of H a , the germ of H at a, consisting of deformations of a whose image in k[x] is of colength at least k; the scheme structure on I k a can be defined via a suitable Fitting ideal associated to the restriction of (2) on the x-axis. Thus, we have a stratification by closed subschemes
LetĤ a denote the corresponding stratified blowup. For each k = t, ..., 1, the 
Proposition 2.
Note that the deformations corresponding to a i, j x j , b i, j x j are linearly independent and together these yield a 2t-dimensional subvariety ofĤ a , which maps isomorphically to the space A considered in the previous sections. Moreover, given a deformation of a corresponding toM, its restriction on the x-axis is determined by
which is the deformation of G 0 , and by
which is the deformation of G i , i = 1, ..., n. Consequently, our result follows from Proposition 1.
INCIDENCE STRATIFICATIONS: GENERAL CASE
We are now ready to state and prove the main result. Thus, let Y be a smooth closed curve on the smooth surface X, and let I k Y ⊂ X [ℓ] denote the subscheme of the length-ℓ Hilbert scheme of X consisting of schemes whose intersection with Y is of length k or more. I k Y may be endowed with a scheme structure as the image of a natural closed subscheme of the flag Hilbert scheme X [k,ℓ] that is the pullback of the closed subscheme
. We thus have a closed stratification, called the incidence stratification associated to Y:
It is easy to see that each closed stratum I k Y has codimension k in X [ℓ] . Proof. The statement is local near a given subscheme z of X. Further, because of the usualétale, or analytic product decomposition of the Hilbert scheme corresponding to the support of z, we may assume z is supported in a single point. Thus, we may work locally and assume X is the plane A 2 and Y is the x-axis with ideal (y) and z is supported at the origin. Note that the 'punctual' Hilbert scheme X [ℓ] 0 consisting of subschemes supported at the origin is projective. Consider the action of C * on X [ℓ] and X [ℓ] 0 induced by the action on X given by y → λ.y (fixing x). Let
0 .
Then z 0 is C * -invariant, i.e. homogeneous with respect to y. Since the local ring of Y at the origin is a DVR, it follows that z 0 is in fact a monomial ideal. By Proposition 2, the Theorem holds for z 0 . Moreover, every neighborhood of z 0 in X [ℓ] contains schemes equivalent to z. Therefore the theorem holds for these as well, hence for z.
As explained in [4] and in [5], Example 4.3, the Theorem has an application to the deformation theory of induced Poisson structures on Hilbert schemes of Poisson surfaces (which in turn as an analogue of a result of Voisin [7] 
